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We analyze the real-time dynamics of a quantum two-state system in the presence of nonequilibrium
quantum fluctuations. The latter are generated by a coupling of the two-state system to a single electronic
level of a quantum dot which carries a nonequilibrium tunneling current. We restrict to the sequential
tunneling regime and calculate the dynamics of the two-state system, of the dot population, and of the
nonequilibrium charge current on the basis of a diagrammatic perturbative method valid for a weak tun-
neling coupling. We find a nontrivial dependence of the relaxation and dephasing rates of the two-state
system due to the nonequilibrium fluctuations which is directly linked to the structure of the unperturbed
central system. In addition, a Heisenberg-Langevin-equation of motion allows us to calculate the correlation
function of the nonequilibrium fluctuations. By this, we obtain a generalized nonequilibrium fluctuation
relation which includes the equilibrium fluctuation-dissipation theorem. A straightforward extension to the
case with a time-periodic ac voltage is shown.
PACS. 03.65.Yz Decoherence; open systems; quantum statistical methods – 05.30.-d Quantum statistical
mechanics – 05.60.Gg Quantum transport – 72.70.+m Noise processes and phenomena – 85.35.Gv Single
electron devices
1 Introduction
The loss of quantum coherence of a pure superposition
state of a quantum system has been in the focus of re-
search since the early days of quantum physics [1,2,3,4,
5]. Quantum decoherence, and with it, quantum relax-
ation, are at the heart of the fundamental question how
quantum mechanics is reconciled with the appearance of a
classical world [6]. A modeling of these processes needs to
include quantum statistical fluctuations in the modeling
of the dynamics of a quantum system [1,5]. A simple way
of such a model is to consider an infinite set of uncoupled
quantum harmonic oscillators held at thermal equilibrium
(bath or environment) and coupled to the central system
of interest. Such an equilibrium bath generates fluctua-
tions for the system leading to quantum dephasing and
dissipation. A minimal model of a central system to study
these questions is a quantum two-state model in which the
two states can dephase and perform dissipative transitions
due to the coupling to the bath [2,3]. This (equilibrium)
spin-boson model forms a cornerstone of quantum statis-
tical physics and shows fascinating non-trivial behaviour,
such as a quantum phase transition to a localized phase in
which tunneling between the two states is suppressed by
strong dissipation. Likewise, it has served as a key model
for the development of many fundamental numerical and
analytical methods to describe quantum dissipative dy-
namics.
Among many of these methods, real-time path integral
approaches [2,3] allow to obtain analytical results for the
spin-boson model in certain limiting cases. In the limit of
a strong coupling to the equilibrium fluctuations, the non-
interacting blip approximation (NIBA) allows to treat the
transitions between the two states perturbatively and to
reveal a mainly incoherent decay of the population and
the coherence. In contrast, a weak coupling of the two
states to the fluctuations allows a perturbative expansion
in the damping constant [2] such that the dephasing and
the relaxation rates follow in the form of a simple ana-
lytic expression. There, the coherent transitons between
the two states are treated to all orders. Again, the quan-
tum dissipative dynamics is due to equilibrium (quantum)
fluctuations of the bath.
An important physical principle valid at thermal equi-
librium is the (quantum) fluctuation-dissipation theorem
[7,5] which connects the action of (quantum) fluctuations
with the inevitable consequence of the appearance of (quan-
tum) dissipation. It is well known that this elegant prin-
ciple does not hold for nonequilibrium fluctuations and
efforts are made to find a general principle for those as
well [8].
The action of nonequilibrium quantum fluctuations to
a coherent quantum two-state system is more complex and
no closed exact expressions for the relaxation and the de-
phasing rates exist up to present. A simple model to study
the impact of nonequilibrium quantum statistical fluctu-
ations is a quantum two-state (or spin-1/2) system which
is coupled to the energy level of a single spinless non-
interacting electron on a quantum dot. The electron can
tunnel from or into reservoirs of non-interacting electrons
held at a common constant temperature. A straightfor-
ward way to achieve nonequilibrium conditions is to use
at least two reservoirs (a ’left’ and a ’right’ one), between
which a constant electric voltage is applied. The finite
difference of the electrochemical potential gives rise to a
charge transport between the two leads via the quantum
dot which induces nonequilibrium quantum fluctuations
to the quantum two-state system coupled to the dot. Al-
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though the two electron reservoirs are fermionic in nature,
they are free non-interacting particles, such that the situ-
ation resembles the equilibrium spin-boson model to some
extent. Despite the statistical distribution functions are of
course different, this model has been called the nonequi-
librium spin-boson model [9,10].
This nonequilibrium quantum two-state model has been
addressed in Ref. [9] on the basis of a NIBA-like approx-
imation. The central system Hamiltonian is HS = BSz +
∆Sx+JSzd
†d with Si = σi/2, with Pauli matrices σi=x,y,z
and d being the fermion operator of the dot electron level
which is tunnel-coupled to non-interacting leads. In the
case of vanishing off-diagonal coupling in the quantum
two-state system, ∆ → 0, the full problem becomes ex-
actly solvable. Hence, it is reasonable to study the effect of
∆ perturbatively. Under the additional assumption of not
too strong system-bath coupling J , an expansion of the
noise correlators up to third order in J can be used. Then,
the frequency-dependent spin-relaxation rate constants,
the frequency-dependent fluctuation-dissipation ratio and
an effective frequency-dependent nonequilibrium ’temper-
ature’ could be determined [9].
A further extended analysis of the regime of small ∆
characterized by a golden rule rate for the transitions be-
tween the two energy eigenstates proportional to ∆2 has
been carried out in Ref. [10]. The intermediate time do-
main has been carefully addressed for the full parameter
regime of weak to strong system-bath coupling J at zero
(or very low) temperature. A Marcus-like nonequilibrium
quantum relaxation rate has been derived. Interestingly, a
simple mapping between the equilibrium temperature and
bias voltage has been shown not to exist. Different decay
characteristics in different time regimes involve algebraic
as well as exponential decays of the correlation function.
In addition, going beyond the lowest order in ∆, it has
been shown that a Coulomb gas behavior in terms of a
power series in ∆ is suggested to be valid, since the first
few orders up to the contribution ∼ ∆6 agree with the
numerically calculated exact result. Yet, a complete anal-
ysis to all orders in ∆, but for linear order in J at finite
temperature remained open.
A variant of this model, where a quantum two-state
system is coupled directly to two bosonic baths held at
different temperatures (without involving fermions), has
been set up to study heat exchange [11]. On the basis
of a NIBA-like treatment, the full counting statistics via
the cumulant generating function has been calculated and
fluctuation relations have been discussed. Yet, the exchange
of energy or heat rises fundamental questions of the notion
of heat under nonequilibrium conditions [12].
In this work, we address the dynamics of the two-
state system under the influence of nonequilibrium quan-
tum fluctuations provided by an electronic charge flowing
between two non-interacting leads in the regime of weak
system-bath (tunneling) coupling. We provide an analy-
sis in terms of lowest-order tunneling processes between
quantum dot and leads. The coupling between the elec-
tronic level on the dot and the quantum two-state system
can be arbitrarily large. The weak tunneling coupling to
the fluctuations generates only a small broadening and
a small energy shift of the system states such that the
unperturbed energy spectrum is a good starting point.
We employ the well established diagrammatic perturba-
tion method [13,14] formulated on the Keldysh contour
to determine the real-time dynamics of the quantum two-
state system under the action of a nonequilibrium charge
current. The population of the central dot and the flow-
ing charge current follow as well. This allows us to extract
the relaxation and dephasing rate for the central two-state
system and to explain their dependence on the various
parameters in terms of the unperturbed energy spectrum.
In addition, we use the Heisenberg-Langevin equations of
motion to determine the autocorrelation function of the
nonequilibrium fluctuations. For a static (dc) bias voltage
between the two leads, we find a generalized nonequilib-
rium fluctuation relation which extends the well-known
equilibrium fluctuation-dissipation theorem. The Fourier
transform of the autocorrelation function includes Ohmic
contributions as well as nontrivial Lorentzian terms. Due
to its simple structure, the nonequilibrium fluctuation re-
lation can be generalized to time-periodic (ac) transport
voltages and leads us to a Floquet-fluctuation relation in
terms of higher harmonics of the correlation function of
the nonequilibrium noise.
2 Model
We model the quantum mechanical two-state system which
is coupled to nonequilibrium quantum fluctuations pro-
vided by a flowing electron current through a quantum
dot. To be specific, we couple the two quantum states of
interest |↑〉 and |↓〉 to the time-dependent population of
electrons on the dot. The corresponding destruction and
creation operators of a single electron are denoted as d and
d†. Formally, this is described by the system Hamiltonian
HS = BSz +∆Sx + JSzd
†d (1)
in spin representation Si = σi/2, with Pauli matrices
σi=x,y,z. The energy difference between the two states is
given by B, and we allow a transition with a coupling
constant ∆. The effective spin−1/2 is coupled to the elec-
tronic occupation number operator n = d†d of the dot
with a coupling strength J . The system Hilbert space
is spanned by the product basis {|σn〉}, where σ =↑, ↓
and n = 0, 1 is the dot occupation number. The spec-
tral decomposition reads HS |±n〉 = ±n |±n〉, where ±n =
±√∆2 + (B + nJ)2/2 and +(−) corresponds to an (anti-
)symmetric linear superposition of the two spin states.
The nonequilibrium fluctuations are generated by a
flowing electron current through the dot, such that the to-
tal system-bath Hamiltonian has the form H = HS+HB+
HT . The nonequilibrium bath to which the system couples
is composed of two non-interacting reservoirs of spinless
electrons with energies εkα described by the Hamiltonian
HB =
∑
kα
(εkα − µα) c†kαckα , (2)
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with reservoir index α = L/R. As usual, we assume the
reservoirs to be large enough so that the interaction with
system has almost no backaction on the fermions in the
leads. The two baths are assumed to be thermalized at
all times at the same temperature T , but at two different
chemical potentials µL/R. We assume a symmetric voltage
bias between both reservoirs, i.e., µL − µR = eV .
The interaction between the dot states and the reser-
voirs is described via a tunneling coupling Hamiltonian
HT =
∑
kα
tkαd
†ckα + h.c., (3)
with the tunneling amplitude tkα. The electronic operators
d and ckα obey the standard algebra of fermonic operators.
Throughout this work, we use natural units and set h¯ =
1, kB = 1.
3 Spin Dynamics and Electron Current
We study the nonequilibrium quantum dynamics of the
central system numerically by using the well established
diagrammatic perturbation method [13,14]. The time evo-
lution of the expectation value of an arbitrary operator A
is thereby written in terms of a time-ordered integration
along the Keldysh contour K
〈A(t)〉 =tr
[
ρ0TK exp
(
−i
∫
K
dτHT (τ)
)
A(t)
]
, (4)
with the time-ordering operator TK acting on the Keldysh
contour. Any higher correlation function correspondingly
follows. The time dependence of all operators on the right-
hand side is meant as the free time evolution. Assuming
that the initial density operator ρ0 factorizes into system
and bath part, one can use equation (4) to find a system-
atic expansion organized in orders ofHT . By choosing A(t)
to be the projection operator (|i〉〈j|)(t), where {|i〉} is a
set of states that spans the system Hilbert space, one can
calculate the time-evolution of the system (or reduced)
density matrix P, i.e., the mean value of the projection
operator. The equation of motion for the reduced density
operator is obtained by inserting the projection operator
and differentiating with respect to time. One can rewrite
the result as
∂tP = WP. (5)
The time-evolution operator W follows from expanding
the exponential in equation (4). In a similar fashion we
can find an equation that allows us to determine the tun-
nel current I = e∂t(NL − NR), where Nα is the particle
number operator of lead α. The stationary current follows
[13,14] as
I =
e
2
〈WI〉st, (6)
where the mean is taken with respect to the stationary
solution of Eq. (5). Both W and WI can be determined by
using a diagrammatic representation of the perturbation
series. Explicit rules for these diagrams are given [14,15].
0 5 10 15 20
−0.5
0
0.5
time tΓ
〈S
z
〉
B = −J B = −J/2
B = 0 B = 3J/4
B = 2J
Fig. 1. Time-evolution of 〈Sz(t)〉 for the two spin states |↑〉, |↓〉.
The quantum two-level system is initially prepared in the state
|↑〉 and the dot is unoccupied. The parameters are J = 15Γ ,
∆ = 3Γ , eV = 10Γ , and β = 0.7/Γ . Moreover, we have chosen
five different values of B according to B = − J = −5∆ =
−15Γ , B = −J/2 = 3∆/2 = 7.5Γ , B = 3J/4 = 15∆/4 =
11.25Γ or B = 2 J = 10∆ = 30Γ . The inset shows a zoom to
the short-time region as indicated.
When expanding the perturbation series, one has to es-
timate the mean value of the current, and since the total
number of electrons is conserved, only even orders in tkα
contribute. Below, we use lowest order perturbation in the
tunnel amplitude, which is the second order in tkα. Hence,
it is useful to encode the tunneling strengths in the param-
eter Γα = 2pi
∑
k |tkα|2δ(EF,α − kα), where EF,α is the
Fermi energy of lead α. We focus in this work on symmet-
ric tunneling geometries and set ΓL = ΓR = Γ . Moreover,
we use the standard wide-band limit, which corresponds
to the case where the amplitude is energy independent
around the Fermi energy.
3.1 Nonequilibrium Spin Relaxation
First, we address the relaxation dynamics of the quantum
two-level system described by the spin S. Expanding the
density operator in terms of the right eigenvectors of the
non-Hermitian superoperator W, we find the solution to
the Eq. (5) as
P(t) =
N2−1∑
k=0
ckpke
−ΓkteiΩkt, (7)
where pk is the k-th right eigenvector of W with eigen-
value Λk = −Γk + iΩk and N = 4 being the dimen-
sion of the system Hilbert space. One eigenvalue Λ0 is
equal to zero, corresponding to the stationary solution.
The eigenvalue with the smallest non-zero real part yields
the (asymptotic) relaxation rate Γ1 of the system. The co-
efficients ck have to be chosen such that Eq. (7) satisfies
the initial condition P(0) =
∑
k ckpk.
Fig. 1 shows the time-evolution of 〈Sz(t)〉 of the two
quantum states of the quasi-spin for different level split-
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tings B under the influence of the nonequilibrium fluctua-
tions provided by the electron current in the quantum dot.
In all five cases the spin relaxes to its asymptotic steady
state. The transient dynamical behavior shows decaying
oscillations which are charaterized by different oscillation
frequencies and amplitudes. The asymptotic approach to
the steady state is monotonous and will be charaterized
by a single relaxation rate. The dynamical behavior is nat-
urally determined by the energy spectrum of the system
Hamiltonian, see below for a detailed discussion. The re-
laxation is faster, when ∆ is of the order of B or B + J .
To determine the relaxation rate Γ1 systematically, we cal-
culate the smallest non-zero real eigenvalue according to
Eq. (7). The result is shown in Fig. 2 for three different
values of ∆. In the regime of large voltage (eV = 10Γ )
addressed here, the relaxation process is essentially inde-
pendent of the temperature T = 1/β and the voltage eV .
Hence, the nonequilibrium relaxation rate Γ1 is only a
function of the system parameters ∆, B, J , and the tun-
nel rate Γ . For small ∆ ∼ Γ , we find that the relaxation
rate is peaked at B = 0 and B = −J and shows a local
minimum around B = −J/2. For larger ∆, the local max-
ima disappear and a global maximum at B = −J/2 arises.
The particular ragged behavior at the local maxima is due
to a degeneracy of two eigenvalues of the Liouville super-
operator. In fact, each eigenvalue depends monotonically
on B, but due to an exact crossing at particular values
of B, the two eigenvalues exchange their role as minimal
ones.
To understand this behavior, it is necessary to consider
the spectrum of the system Hamiltonian. The energy lev-
els as a function of B are shown in Fig. 3 for J = 5∆,
which corresponds to the case ∆ = 3 Γ in Fig. 2 (yellow
line) and to the cases shown in Fig. 1. The two pairs of
energy levels correspond to the two possible electron occu-
pation numbers n = 0, 1. At B = −J/2, two avoided level
crossings appear, where the associated energy gaps are de-
termined by the tunneling strength Γ . At these avoided
crossings, two spin states with different electron numbers
mix, i.e., with n = 0 and n = 1. The large energy gap in
between the two pairs is given by J/2. The two families
of eigenstates n = 0 and n = 1 are also separated in en-
ergy by J/2 far away from the avoided crossings. Due to
the coupling ∆ of the two spin states, two more avoided
level crossings appear. The one at B = 0 connects two
states with electron number n = 0 on the dot. The one at
B = −J mixes the two spin states with electron number
n = 1. The associated energy gaps are given by ∆ at the
avoided crossing.
Equipped with the energy spectrum, the behavior of
the relaxation rate shown in Fig. 2 can be understood. For
∆ = 3Γ , the two local ragged maxima occur due to the
avoided level crossings at B = 0 and B = −J between
states with the same electron number, i.e., with n = 0 at
B = 0 and n = 1 at B = −J . Here, the dot occupation is
stable and the fluctuations are thus very efficient in relax-
ing the spin on the dot. In turn, at B = −J/2, states with
different electron numbers n = 0 and n = 1 on the dot are
mixed at the avoided crossings. This renders the fluctua-
−1.5 −1 −0.5 0 0.50
0.5
1
1.5
B/J
Γ
r
/
Γ
∆ = 3Γ
∆ = 6Γ
∆ = 8Γ
Fig. 2. Relaxation rate Γr as a function of the energy splitting
B for different values of ∆. The solid lines show the smallest
non-zero real eigenvalue of the Liouville superoperator. Due
to a degeneracy of two eigenvalues, an exact crossing of the
eigenvalues shapes the relaxation rate ragged at these points.
The blurry lines show the second smallest real eigenvalue. The
remaining parameters are J = 15Γ , ∆ = 3Γ , eV = 10Γ , and
β = 0.7/Γ .
+1
+0
J/2
∆
O(Γ)
n = 0
1
1
0
1
0
0
1
−0
−1
-1.5 −1 −0.5 0 0.5
−4
−2
0
2
4
B/J
/
∆
Fig. 3. Energy spectrum ±n = ±
√
∆2 + (B + nJ)2/2 of the
isolated quantum dot with electron occupation numbers n =
0, 1 for J = 5∆.
tions around an already undetermined dot state inefficient
and the corresponding relaxation rate becomes minimal.
For growing ∆, the gaps at B = 0 and B = −J become
larger and the avoided level crossings move towards each
other. Eventually, the four avoided level crossings are very
close to each other around B = −J/2 such that they
cannot be resolved anymore when the reservoir param-
eters are kept fixed. Hence, the two local maxima in the
relaxation rate merge and form one broad peak around
B = −J/2, see Fig. 2.
In passing, we note that so far, we have determined the
relaxation rate Γr as the smallest non-zero real eigenvalue
according to Eq. (7). Alternatively, we may also consider
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(a)
Fig. 4. (a) Comparison of the relaxation rates as a function of
the energy splitting B determined either as the smallest non-
zero real eigenvalue Γ1 of the Liouville superoperator (solid
line), or as Γr extracted from the Fourier spectrum at zero
frequency (symbols). (b) Relative difference r = |Γr/Γ1 − 1|
between the two rates. The parameters are J = 2Γ , ∆ = 0.2Γ ,
eV = Γ , and β = 1.2/Γ .
the Fourier transform of the spin relaxation dynamics and
may extract the relaxation rate as the zero-frequency value
of the Fourier transform. Both ways yield coinciding re-
sults as shown in Fig. 4 (a) as a function of the energy
bias B. The tiny numerical difference is shown in Fig. 4
(b).
3.2 Nonequilibrium Spin Dephasing
In addition to the pure relaxation dynamics at long times,
the spin also shows decaying oscillatory dynamics in Fig.
1. This spin dephasing is generated by those eigenvalues
of the Louvillian superoperator W, which have a non-
zero imaginary part Ωk 6= 0. The time scale on which the
oscillations fade away is given by the corresponding real
part Γk. We consider in the following the decoherence rate
given by that eigenvalue with the smallest real part Γd.
The results for the decoherence rate as a function of the
energy bias B are shown in Fig. 5 for different values of
∆. Again, the underlying spectrum of the system Hamilto-
nian is the basis to rationalize the behavior of Γd. We find
a constant decoherence rate in the regions far away from
any resonance, i.e., for |2B + J |  ∆, and a global min-
imum at resonance when B = −J/2. At this resonance,
two pairs of almost degenerate energy states exists, see
Fig. 3, such that the dynamics around this point is most
robust against dephasing. The value of the decoherence
rate away from the crossing region is independent of ∆,
which is clear since for B,B+J  ∆, the off-diagonal el-
ements of HS are negligible in comparison to B, and yield
only small corrections of the order O(∆2). Then, dephas-
ing is solely determined by the parametric coupling of the
spin operator Sz to the electron number operator n on the
dot. In this limit, the total Hamiltonian is diagonal and the
−1.5 −1 −0.5 0 0.5
0.25
0.5
0.75
1
B/J
Γ
d
/
Γ
∆ = 1 Γ
∆ = 2 Γ
∆ = 3 Γ
Fig. 5. Decoherence rate Γd for different values of ∆. The
decoherence rate is minimal at resonance when B = −J/2 and
grows up to a local maximum, when B + J is one order of
magnitude larger than ∆. The thick solid (blurred) lines show
the real parts of the smallest (the second smallest eigenvalue).
The parameters are J = 15Γ , eV = 10Γ and β = 0.7/Γ .
nonequilibrium fluctuations only induce dephasing with a
rate dominated by the coupling Γ to the reservoir fluctu-
ations. Furthermore, we observe exact degeneracies of the
real parts of two different eigenvalues around B = −J and
B = 0 with additional corresponding minima in the rate.
Moreover, the shape is perfectly symmetric to the point
B = −J/2.
Finally, we study the dependence of the decoherence
rate on J . The results for different values of the bias B
are shown in Fig. 6. For B = 0, the system is totally sym-
metric under an exchange of the states |↑〉 and |↓〉, which
is reflected in the coherence behaviour as well. In all three
cases, the decoherence rate vanishes for J = 0, since then,
the spin is decoupled from the electronic fluctuations. At
first, for larger |J |, the dephasing rate grows, until the
smallest and the second smallest eigenvalues cross. Beyond
that degeneracy point, Γd decreases again. The decrease
depends on the energy bias B and on the relative sign of
between J and B. For B = 0, Γd is perfectly symmetric,
while for B 6= 0, another local minimum around J ≈ −B
appears.
3.3 Electron current and differential conductance
For completeness, we investigate the stationary current
I given by Eq. (6). The current-voltage characteristics is
shown in Fig. 7 and can clearly be divided into three dif-
ferent regions. There is no current in the region I of very
small bias voltages. This extends until the voltage is large
enough such that the first transport channel opens. This
happens when eV = 2(−0 −−1 ), which is the energy needed
to occupy the quantum dot with one electron, while the
spin is kept fixed. In the region II, the current reaches an-
other plateau whose height depends on the dot parameters
B, J and∆, simply because of the structure of the creation
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−30 −20 −10 0 10 20 300
0.25
0.5
0.75
1
J/Γ
Γ
d
/
Γ
B = −5 Γ
B = 0 Γ
B = 10 Γ
Fig. 6. Decoherence rate Γd as a function of J for different
values of the energy bias B for the parameters ∆ = 3Γ , eV =
10Γ and β = 0.7/Γ .
operator d in the eigenbasis of HS . An additional trans-
port channel opens up when the voltage is large enough
to change the spin quantum number from − to +. This
occurs at eV = 2(+0 − −1 ). In the region III, the current
is given by IIII = eΓ/2, which is the maximum values for
this type of tunneling interaction. A finite temperature
yields a smoothening of the transition regions while for
exactly zero temperature, perfect steps would appear.
An estimate for the current in region II is found by using
equation (6). We calculate the trace of the matrix WI
assuming sharp steps in the Fermi function and weight
everything with a factor 1/4. We find
III =
eΓ
4
[
1 +
∆2 +B(B + J)√
(∆2 +B2)(∆2 + (B + J)2)
]
, (8)
which is in good agreement with the numerically calcu-
lated current in this region.
Finally, in addition to the current, we show the dif-
ferential conductance ∂I/∂V in Fig. 8. Near resonance
B = −J/2, we find two different lines on which the con-
ductance is different from zero. These lines correspond to
eV = 2(−0 − −1 ) and eV = 2(+0 − −1 ), dividing the dia-
gram into the three regions I, II and III. Moving away from
resonance, i.e., increasing or decreasing the bias, the sepa-
ratrix I-II becomes more pronounced, while the separatrix
II-III fades out. This is clear since when we increase the
voltage for a fixed B around the resonance B = −J/2, the
current first jumps to a small level and only at even larger
bias to a large value (an example for this is shown in Fig.
7). In turn, away from resonance (B  0 or B  −1),
the current jumps directly almost to the maximal value
when crossing the separatrix I-II. Hence for still growing
V , no further significant increase is possible when crossing
the separatrix II-III for a fixed value of B. The reason is
again rooted in the spectrum of the system Hamiltonian:
the fine structure of the spectrum in the crossing regions is
only resolved when B ≈ −J/2. Outside of this region, the
0 5 10 15 20 25
0
0.25
0.5
I II
I = 0.08eΓ
III
I
/
eΓ
0 0.5 1 1.5
eV/Γ
eV/J
Fig. 7. Stationary current I as a function of the bias voltage
eV for the parameters B = −5Γ , J = 15Γ , ∆ = 3Γ and
β = 10/Γ . The vertical lines divide the plot into three regions,
where either no (I), one (II) or two (III) energy levels of the dot
are in the energy window spanned by the chemical potential.
The dashed line is the value of the current in region II given
by Eq. (8).
I
I
II III
0 0.5 1 1.5 2
−2
−1.5
−1
−0.5
0
0.5
1
eV/J
B
/J
0
0.2
0.4
0.6
∂
V
I
/e
2
Fig. 8. Differential conductance ∂I/∂V as a function of B and
voltage eV for the same parameters as in Fig. 7. The dashed
horizontal line indicates the value B = −J/3.
four avoided level crossings appear as one large “global”
crossing.
4 Correlation Function of the Nonequilibrium
Fluctuations
When a physical system is subject to fluctuations which
relax it to some stationary or thermal equilibrium state,
it is of foremost interest to know the properties of the
fluctuations in terms of their mean value and their higher
moments. They determine the relaxation (and dephasing)
rates via their spectral distribution. At thermal equilib-
rium and for a Gaussian environment, the fluctuations
are composed of a sum over harmonic thermal fluctuations
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with a spectral weight given by the spectral density of the
bath [2]. Under nonequilibrium conditions, such simple
features are not known up to present. Here, we can calcu-
late [16] the correlation properties of the nonequilibrium
fluctuations which act on the spin−1/2 and address the
questions how the well-known fluctuation-dissipation the-
orem of equilibrium statistical physics is modified under
nonequilibrium conditions. Moreover, it is straightforward
to generalize the results for a static bias voltage to include
also an ac voltage driving.
4.1 Static Bias Voltage
We consider the Heisenberg equations of motion for spin-
1/2 subsystem which are readily obtained as
S˙x(t) = −BSy(t)− Jd†(t)d(t)Sy(t) , (9)
S˙y(t) = BSx(t)−∆Sz(t) + Jd†(t)d(t)Sx(t) , (10)
S˙z(t) =
∆
2
Sy(t) (11)
in the presence of the coupling to the electronic occupation
of the dot. Due to the tunneling coupling to the leads, the
occupation number is a fluctuating quantity whose corre-
lation properties will be determined below. The dynam-
ics of the fluctuations is determined by the corresponding
Heisenberg equations of motion of the fermionic operators
d˙(t) = −iJSz(t)d(t)− i
∑
kα
tkαckα(t), (12)
c˙kα(t) = −ikαckα(t)− itkαd(t) . (13)
They follow after neglecting terms that are at least cubic
in the creation and annihilation operators. This is con-
sistent with the Markovian approximation made in the
preceeding sections. The latter implicitly only includes se-
quential tunneling events between the reservoirs and the
dot, i.e., single-particle excitations in the system. We solve
the inhomogeneous linear differential equation (13) and
find
ckα(t) = e
−ikα(t−t0)
[
ckα(t)− itkα
∫ t
t0
ds d(s)eikα(s−t0)
]
.
We insert this solution in Eq. (12) and consider the time
in that d(t) significantly changes to be rather large com-
pared to the free time evolution of the reservoir operators
ckα(t). This is reasonable due to the continuous density of
the states of the reservoirs for which we may assume very
rapid thermalization on time scales very short as com-
pared to any time scale of the system dynamics. Again,
this is consistent with the wide-band limit used through-
out this work. Then, we can evaluate the integral and
arrive at
d˙(t) = −iJSz(t)d(t)− Γd(t) + f(t) , (14)
with
f(t) = −i
∑
kα
tkαe
−ikα(t−t0)ckα (15)
acting as a fluctuating force with vanishing mean value but
a non-vanishing correlation. Using once more the wide-
band approximation with rates Γα = 2pi
∑
k |tkα|2δ(E −
kα) gives rise to a prefactor Γ = (ΓL + ΓR)/2.
Equation (14) allows us now to determine the dynamics
of the electronic degrees of freedom on the quantum dot
under the influence of the nonequilibrium fluctuating op-
erator f(t). In the limit t0 → −∞, we find that the dy-
namics of the dot occupation become independent of the
spin dynamics which is directly induced by the particle
fluctuation. Then, the occupation number is simply given
by
n(t) = lim
t0→−∞
∫ t
t0
dτ1dτ2f
†(τ1)f(τ2)eΓ (τ1+τ2−2t), (16)
with n(t) = d†(t)d(t).
4.1.1 Nonequilibrium noise characteristics
Equipped with this, we are able to calculate the charac-
teristics of the nonequilibrium quantum noise. In the limit
of symmetric tunneling, the mean value follows readily as
〈n(t)〉 ≡ γ+(0) = 1
2
. (17)
The autocorrelation function of the dot occupation can be
calculated as
L(t, s) = 〈n(t)n(s)〉 − 〈n(t)〉〈n(s)〉 = γ+(t− s)2 (18)
Moreover, we have defined the functions
γ±α (t) =
Γα
2pi
∫
dE
f±α (E)
E2 + Γ 2
eiEt , (19)
and γ±(t) =
∑
α γ
±
α (t). Here, f
±
α (E) = [1 + e
±β(E−µα)]−1
is the Fermi distribution. The correlation function is trans-
lation invariant in time and we can simplify our notation
according to L(t, s) = L(t− s, 0) ≡ L(t− s).
The spectral resolution of the nonequilibrium quantum
noise can be obtained via the Fourier transform L(ω) =∫
dtL(t)e−iωt. Simple expressions follow in the limit of
zero and infinite temperature.
In the case of infinite temperature, we find
lim
β→0
L(ω) =
1
2
2Γ
ω2 + 4Γ 2
, (20)
while the limit of zero temperature amounts to
lim
β→∞
L(ω) =
1
2
2Γ
ω2 + 4Γ 2
[
C(ω, eV ) + C(ω,−eV )
]
, (21)
with
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C(ω, eV ) = 1
pi
[Θ(ω) +Θ(ω − eV )]
[
atan
(
2ω − eV
2Γ
)
− atan
(
eV
2Γ
)
+
Γ
ω
log
(
Γ 2 + (ω + eV/2)2
Γ 2 + (eV/2)2
)]
. (22)
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Fig. 9. Correlation function L(ω) for infinite temperature (di-
amond) and zero temperature for three different voltages (pen-
tagon, star, triangle).
For compactness, we present only the result for Γ =
ΓL = ΓR and a symmetric voltage between both leads.
However, the result for T → 0 within the sequential tun-
neling limit (T > Γ ) is general with Γ = (ΓL+ΓR)/2. Fur-
ther, we study the limit of a large voltage eV  Γ and find
that in this limit the infinite and zero temperature solution
are identical, i.e., limeV→∞ limβ→∞ L(ω) = limβ→0 L(ω).
In figure 9, we show L(ω) for infinite (solid line) and zero
(dashed lines) temperature for different voltages. In all
cases, the spectral resolution of the nonequilibrium noise
correlation function is dominated by a Lorentzian centered
at zero frequency. In the zero temperature limit, a shoul-
der appears close to ω = eV , whereas on the opposite
position below ω = −eV the spectral weight is reduced.
In general, the exact expression at arbitrary temper-
ature involves sums over Matsubara frequencies, which
cannot be evaluated in a closed expression. Yet, these
sums generate peaks in the spectral noise function at ω =
±eV/2 and ω = ±eV with temperature dependent widths
determined by the Matsubara frequencies.
4.1.2 Nonequilibrium fluctuation relation
According to the fluctuation dissipation theorem (FDT)
valid at quantum statistical equilibrium, an equilibrium
correlation function Leq(t) satisfies the relation Leq(t −
iβ) = L∗eq(t). Checking this for the nonequilibrium occu-
pation correlation to study the difference in the structure,
we find
γ+α (t− iβ) = eβµαγ−α (t) (23)
and
γ+L (t) = [γ
−
R (t)]
∗. (24)
Using these two identities, we can calculate the final
expression
L(t− iβ) = L∗(t)−
∑
α
(
1− e−2βµα) [γ+α (t)]∗[γ+α (t)]∗ ,
(25)
which extends the equilibrium FDT to the nonequilibrium
regime. Note that in the equilibrium case of vanishing volt-
age µα = 0, the equilibrium FDT is recovered.
4.2 Time-dependent AC-Voltage
Similar results follow for ac-driven leads. We exchange the
energies of the lead fermions by kα(t) = kα+eVα cos (Ωt).
Using a time-dependent unitary transformation U(t) =
e−i
∑
α φα(t)Nα with φα(t) = eVα
∫ t
t0
dτ cos (Ωτ) we trans-
fer the time dependency from the energy kα(t) to the
tunnel amplitude tkα(t) = tkαe
iφα(t). Here, Nα is the par-
ticle number operator for the lead labelled by α. Hence,
by making use of the Jacobi-Anger identity to expand the
exponential
eiz sin θ =
∑
n
Jn(z)e
inθ (26)
in terms of Bessel-functions Jn(z), we follow the same cal-
culation as before. We find for the ac-driven correlation
function
L˜(t, s) =
∑
kl
∑
mn
γ+kl(t− s)γ+mn(t− s)ei(k+m)Ωte−i(l+n)Ωs,
(27)
where we have defined in analogy to the non-driven case
2piγ±k,l,α(t) = ΓαJk(eVα/Ω)Jl(eVα/Ω)
×
∫
dE
f±α (E)e
iEt
Γ 2 + (E + kΩ)(E + lΩ) + i(k + l)ΩΓ
(28)
and again
∑
α γ
±
m,n,α(t) = γ
±
m,n(t). By averaging over one
period T = 2piΩ−1, we regain the translational invariance
L(t− s) = 1
T
∫ T
0
dτL˜(t+ τ, s+ τ), (29)
which reduces the correlation function to
L(t) =
∑
klm
γ+k−m,l(t)γ
+
m,k−l(t)e
ikΩt. (30)
Now, to check the fluctuation dissipation relation, we
make use of the following identities
γ+k,l,α(t− iβ) = eβ(µα−mΩ)γ−k,l,α(t) (31)
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and ∑
kl
γ+k,l,R(t) =
∑
kl
[γ−k,l,L(t)]
∗. (32)
Finally, we arrive at
L(t− iβ) = L∗(t)−
∑
α
∑
klm
(1− e−2βµα)
× [γ+k−m,l,α(t)]∗[γ+m,k−l,α(t)]∗e−ikΩt.
(33)
5 Conclusions
By taking the point of view of quantum transport through
a single-level quantum dot which is coupled to a quantum
two-state system, we have analyzed the real-time dynam-
ics of the two-state system under the action of nonequilib-
rium quantum statistical fluctuations. Under the assump-
tion of weak dot-lead electronic tunneling, a diagrammatic
perturbation method on the basis of sequential charge tun-
neling can be used. The coupling between the electronic
level and the two-state system can be arbitrary. A finite
voltage between the electron reservoirs easily allows to
generate nonequilibrium fluctuations. The electronic de-
grees of freedom can be integrated over such that the
quantum dissipative dynamics of the two-state system it-
self can be easily studied. We have concentrated on the
relaxation and dephasing processes at long time by calcu-
lating the smallest nonzero eigenvalues of the underlying
Liouville operator. In the regime of sequential tunneling
processes, the action of the quantum noise is sufficiently
weak such that the unperturbed energy spectrum of the
dot-plus-two-state-system is a useful starting point. Since
the eigenvalues of a Liouvillian rate matrix can easily be
evaluated numerically, we have straightforward access to
the relaxation and dephasing rates as a function of the var-
ious model parameters. We find a rich structure in both
these observables which can consistently being traced back
to the unperturbed energy spectrum.
Furthermore, an analysis in terms of Heisenberg-Lan-
gevin equations of motion allows us to extract the auto-
correlation function of the nonequilibrium quantum sta-
tistical noise in the limit of a Markovian approximation.
The zero-temperature limit allows us to obtain a sim-
ple spectral decomposition of the frequency components
of the nonequilibrium noise under the action of a static
dc voltage. Likewise, a generalized nonequilibrium fluctu-
ation relation follows, which reproduces the well-known
equilibrium fluctuation-dissipation theorem at zero volt-
age. A generalization to time-periodic ac voltages is also
possible, such that a generalized driven fluctuation rela-
tion results which involves all higher harmonics.
We thank P. Nalbach for fruitful discussions. Moreover, we
acknowledge support by the DFG SFB 668 “Magnetismus vom
Einzelatom zur Nanostruktur”.
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